A class of mortar-based frictionless contact formulations is derived based on a classical three-field mixed variational framework. Within a penalty regularization complemented by Uzawa augmentations, discrete mortar constraints are naturally induced by the variational setting. Major aspects of earlier mortar approaches are obtained through constrained, lumped or unconstrained recovery procedures for the mixed kinematic and kinetic mortar quantities from their projected counterparts. Two-and threedimensional examples at the infinitesimal and finite deformation regimes highlight the local and global quality of the contact interactions.
Introduction
Enforcing contact constraints, even in the absence of friction, poses challenges that have been the source of significant research in finite element analysis. Currently, mortar-based contact treatment forms the widely accepted state-of-the-art class of approaches. Emanating from the mathematical literature, the presentation of these approaches have first carried over into the engineering community in a precise form with detailed statements of various discretization restrictions. In subsequent works, some of these restrictions have been dropped and the presentation has evolved towards a more practical form. On the other hand, several of the fundamental ingredients of mortar approaches have first appeared in the engineering literature in the context of mixed formulations for frictionless contact. While a mixed formulation concept is implicit in a mortar-based treatment, an explicit link between these two classes of approaches has not been demonstrated in the literature. The primary goal of the present work is to reconcile these approaches by investigating the link for frictionless contact. In doing so, various mortar formulations from the mathematical and engineering works will be recovered with variations whose advantages and disadvantages will be discussed. Care is taken to mention relevant key contributions, presently concentrating on frictionless contact modeling. However, a review of the broad field of contact mechanics is not attempted. In particular, a large class of contact algorithms that emanate from the node-tosegment (NTS) approach and which have important applications in a variety of practical cases is not referenced. The reader is referred to [23, 47] for extensive references on such approaches. Additionally, a treatment of one-dimensional manifolds is also not considered -cf. [22] .
Mixed formulation ideas have originated in the context of volumetric problems for solids and fluids, for instance in order to avoid an over-constrained pressure approximation based on the classical Veubeke-Hu-Washizu variational principle [42, 36] . The introduction of mixed formulations in contact problems goes back to the works of [37] where a perturbed Lagrangian approach was constructed to enforce the contact constraints and [29] where a pure penalty enforcement was employed. In both of these works, the pressure was assigned an independent discontinuous discretization that was inherited from a segmentation of the contact interface based on the geometry of the non-matching meshes. Subsequently, the contact constraints were enforced in a weak sense within each contact segment. It is remarked that the augmented Lagrangian treatment introduced in [1] , as further investigated in [30] and closely related to [16] , was originally designed as a mixed treatment of penalty and Lagrange multiplier approaches. In this work, the terminology mixed refers to the three-field approach of [29] , which will be taken as the starting point. Moreover, emphasis will be placed on the discretization of the constraints rather than the particular numerical method with which they are enforced. In particular, a penalty enforcement will be pursued together with Uzawa augmentations to achieve robustness. In this context, the presence of other mixed methods suitable for contact analysis should also be mentioned [25, 15] .
Mortar methods were first introduced in the context domain decomposition to address the coupling of interfaces with nonmatching meshes. See [46] for an overview and [32, 11, 43, 44] for recent developments. Early applications in contact mechanics go back to [2, 13] . The importance of a mortar-based treatment of interface constraints are twofold. First, the method ensures that the flat interface patch test of [29] is satisfied, which indicates a correct transmission of the interface pressure. The correct transmission is realized by an appropriate discretization of the pressure field complemented by an accurate evaluation of the contact integrals that is typically realized through the introduction of an intermediate surface which is constructed via segmentation. Second, mortar based approaches do not display surface locking when the interfaces are curved [28, 20] so that, in the context of the penalty enforcement of the constraints, Uzawa augmentations of the pressure converge [38] . This is ensured by enforcing a suitable number of constraints such that the interfaces are able to conform to each other in order to satisfy them. The classical one-pass NTS algorithm does not pass the patch test although it naturally delivers the correct number of constraints, while the two-pass NTS approach has the reverse qualities. Additionally, a well-defined interface pressure does not exist for the NTS algorithm, requiring classical tributary area type post-processing techniques to obtain a local pressure. A straightforward technique of working with a local pressure is by enforcing the constraints pointwise in the evaluation of the contact integrals which, however, has performance qualities similar to the two-pass NTS scheme.
Early applications of the mortar method to small deformation contact problems of engineering interest parallel the developments in the mathematical literature [27] . Subsequent developments in [33, 18, 17, 7, 31, 10, 19, 3, 12] have extended this approach to the finite deformation regime with large sliding where non-matching meshes naturally occur and have investigated various aspects of discretization and integration in space and time. It was found out that, in addition to the ability to pass the patch test while avoiding surface locking, mortar-based approaches are able to tackle problems that were previously found challenging using the classical NTS algorithm and their variants. There are three main ingredients in a mortarbased treatment of contact in a frictionless setting: (i) discretization of the pressure field on the non-master surface, (ii) formulation of a discrete number of constraints in terms of projected kinematics and (iii) an accurate evaluation of the contact constraints. While the segmentation approach delivers high accuracy [33, 12] , a direct integration on the non-mortar surface without explicit segmentation was also observed to deliver satisfactory performance [7, 41] . The projected kinematics constructs an operator that maps the positions of the mortar surface onto the non-mortar side discretization. This can be obtained either by first constructing a discrete gap vector and subsequently obtaining a scalar gap [13, 33] or by directly operating on the scalar gap distribution [41, 40] . For both items, the latter choices will be taken as the starting point. Finally, the discretization of the pressure field governs the stability and convergence properties of the contact algorithm. The simplest (standard) choice in the literature that delivers a satisfactory performance, which also appears in alternative formulations [6] , is inheriting the basis functions of the non-mortar surface. Special restrictions are typically imposed on the pressure field at the edge of the contact interface [13, 18] although these can be safely dropped in a broad range of examples [33, 41, 10] . When Lagrange multipliers or the augmented Lagrangian approach is employed, dual basis functions [45] may be constructed to locally condense out the multipliers to alleviate the computational cost [46, 19] but other choices are also possible [8] . The pressure discretization and the projected kinematics together deliver a set of discrete constraints which preserve the integration of a pressure distribution but enforce the continuum constraints in a weak sense, in line with the ideas in [37, 29] . It is remarked that a straightforward application of mortar approaches may also deliver poor results, as demonstrated for a slave surface that is significantly coarser than the master [8] and recently in the context of enriched interfaces [24] . Presently, standard basis functions will be employed to discretize the pressure distribution. It is remarked that, although not classified as mortar, the series of works by [28, 20, 39, 38] incorporate all the essential features of mortar-based treatments, with additional emphasis on minimizing, or eliminating when possible, the geometric bias [29] that is associated with the designation of master/slave or mortar/non-mortar. The geometric bias, although less pronounced compared to the NTS approach, still exists in the mortar-based treatments [33, 34] but two-pass mortar approaches have also been developed to alleviate this effect [35] .
In order to recover various aspects of mortar approaches from a mixed treatment, the classical three-field mixed formulation of [29] is investigated in Section 2. Here, the continuum formulation is followed by a mortar-based relaxation of the contact constraints through appropriate projections of the mixed kinematic and kinetic variable distributions. The induced weak formulation delivers three possibilities for the recovery of the discretized mixed variables: (i) unconstrained, (ii) lumped and (iii) constrained. The consistency requirements for the implementation of these approaches within an Uzawa augmentation scheme are discussed and finally the linearization of the overall algorithm is addressed in Section 3 where it is additionally observed that the symmetry properties of the original continuum formulation are preserved with the constrained and lumped recovery approaches. Representative numerical investigations in Section 4 demonstrate the performance of each recovery approach for both two-and three-dimensional examples in the infinitesimal and finite deformation regimes. The quality of the solutions are assessed through local pressure distributions that are compared with analytical solutions where possible as well as by monitoring the smoothness of global structural forces. o , which will also denote the designated potential contact portion of the slave surface in the discrete setting. The weak form of the linear momentum balance is then expressed as 
It is emphasized that y is defined through the closest-point projection of a slave point onto the master surface, although this dependence is not explicitly denoted for notational brevity. Therefore, quantities such as dy should be interpreted carefully as y is not entirely independent of x.
Mixed formulation
Within a penalty regularization of the contact constraints, the normal contact contribution to the weak form emanates from the variation of
ð2:6Þ
On the other hand, introducing a mixed kinematic variable c N , the classical three-field mixed formulation in terms of fg N ; c N ; p N g takes the starting point as the variation of the functional [29] C N ½g N ; c N ;
which delivers three terms:
ð2:8Þ
Here, the first term is the contribution dG c N to the linear momentum balance. The independent variations dp N and dc N in the two remaining terms induce the equalities 
Mortar-based relaxation of the constraints
The discretizations of the slave and master surfaces are respectively denoted by deviates from the original developments in [29] and this discretization is inherited from the discretization of the slave surface via [33] p N ¼ P I N I p I N ! dp N ¼ P I N I dp I N ð2:12Þ and c N ¼
ð2:13Þ
whereas the purely kinematic quantity g N does not admit such a discretization in general. As mentioned earlier, additional restrictions at the edge of the contact interface have been dropped in this discretization [13, 33, 18] . 
Recovery of the mixed mortar quantities
In order to recover the kinematic mixed mortar quantity c 
ð2:22Þ
Here, W IJ has been introduced to highlight that the solution of these equations requires a consideration of only those nodes which are active and the sum over J is understood to be taken only over these.
U
IJ is a symmetric positive-definite matrix. 1 The rows and columns of W IJ associated with the active nodes also form a symmetric positive-definite submatrix. The corresponding inverse submatrix is appended by rows and columns of zeroes to incorporate inactive nodes and is denoted by b W IJ . Consequently, one may write This completes the treatment of normal contact apart from linearization, which is treated in Section 3. The presented recovery procedure is chosen as the default one due to various advantages it possesses and designated as constrained. It is remarked that the resulting system of equations for c I N closely resembles the procedure of [13] . However, therein the mortar projection is obtained by first constructing a discrete gap vector and subsequently obtaining a scalar gap, as opposed to choice of directly operating on the scalar gap distribution. Next, alternative recovery procedures are discussed. As will be demonstrated in Section 3, this choice ensures the symmetry of the tangent matrix emanating from the normal contact formulation. This advantage is accompanied by numerical efficiency due to a reduced set of slave elements over which the contact integrals need to be evaluated. However, as will be observed in Section 4, this convenience has the drawback that smooth changes in g I N are not always accompanied by smooth changes in c I N when there is significant reduction in the active set. Consequently, at coarse discretizations, local and global contact interactions may experience jumps. An unconstrained recovery procedure is based on N are generally non-zero even for I R A, all slave elements contribute to the contact integrals at all times, which results in a higher computational effort in comparison with the default formulation. In other words, the discrete contact area is always equivalent to the whole designated potential contact portion of the slave surface. This formulation additionally leads to unsymmetric tangent matrices. However, smooth evolutions of the contact interactions are ensured even at coarse discretizations. Clearly, the differences between the constrained and unconstrained formulations vanish when all nodes are active. It is also remarked that the expense of matrix inversion in these two formulations is minimal compared to other stages of computation. requires a knowledge of the active set, which will be found inconvenient within the augmentation setting. For this reason, w I will refer to the second method. It is remarked that either definition is guaranteed to deliver non-negative mixed quantities whenever w I > 0. In general, however, lumping may lead to negative w I when the basis functions are not everywhere non-negative. The use of such basis functions has been investigated in [14, 35] . Linear Lagrange or quadratic NURBS basis functions that are employed in this work are everywhere non-negative and hence guarantee w I > 0.
It is remarked that a particular approach that simplifies the implementation within a Lagrange multiplier setting is to admit an independent discetization of the mortar variables by not employing N I but dual basis functions which are orthogonal to N I such that W IJ is diagonalized [45, 19] , similar to lumped recovery.
Augmentation within Uzawa iterations
Choosing a large value of 2 N often does not lead to a robust performance of contact algorithms [50] , in particular at large initial penetrations [49] . Moreover, it is not a straightforward task to assess the correct value of 2 N . In particular, as 2 N is increased towards the Lagrange multiplier limit beyond a region where the solution might already be qualitatively satisfactory, an unstable formulation will start displaying oscillations that grow in magnitude with 2 N . In order to both ensure a robust and accurate formulation while checking for stability numerically, the augmented Lagrange multiplier method will be employed in the context of Uzawa iterations in view of its implementation simplicity -cf. [30] . Uzawa iterations are easily observed not to converge at small tolerances for unstable formulations due to surface locking [38] . In the implementation of this algorithm, either the mixed pressures or the projected ones are transmitted from one augmentation step to the other and the remaining quantity needs to be recovered by projection or through the solution of the system of equations, respectively. The augmentations are continued until an iterative error measure £ ðkþ1Þ , to be specified in Section 4, satisfies a convergence criterion to within a given tolerance TOL: remains positive whenever w I > 0. When not employed, the inconsistency leads to a loss of quadratic convergence within an augmentation step and may also cause the discrete pressures to change through augmentations at a fixed active set with vanishing discrete gap when they should trivially remain constant. Since the active set is updated via p I N ; w I 1 cannot be employed in this setting -see Section 2.5.2. It is remarked that although it does not explicitly appear in the formulation c I N is also subject to the same consistency statement. However, this is trivially satisfied by (2.27).
In the case of an unconstrained recovery, the distribution p ðkÞ N from the last augmentation should be updated to account for changes in the active set to ensure consistency among the mixed and projected quantities associated with the augmented pressure distribution p N . For this purpose, in a first step the projected quantities p N is generally non-zero for I R A with unconstrained recovery, the augmentation (2.30) should be conducted for all I in this case.
Linearization of the mixed formulation
The algorithm for the treatment of normal contact with a constrained recovery is summarized in Table 1 . Within a Newton-Raphson approach, the variational term dG 
ð3:1Þ
Here, Ddg N is delivered by the continuum formulation of contact and is a standard term -see [23, 47] . It is recalled that this yields a symmetric form. Note that it is not necessary to consider the linearization (or, variation) of the Jacobian of isoparametric mapping in the present context since all integration is carried out in the reference configuration -see [41] for the choice of the current configuration. Using (2.17) together with the standard expression for dg N , the second term can be expressed as 
The normal-weighted overlap integrals depend on the contact status via m and therefore must be reevaluated at each iteration. However, this does not cause a significant additional computational cost.
The active set indicator v K is retained explicitly in the integrals to highlight that several sums are typically conducted efficiently over a small subset of the contact degrees of freedom. These integrals are classically avoided by defining a suitable discrete normal field [33, 10] so that evaluating the mortar overlap integrals once in a pre-processing stage is sufficient.
The linearization Dc K N follows from Eq. (2.23):
one obtains the final expression Using these results for the constrained formulation, one obtains the linearization .7), displays the symmetry of the normal contact formulation. This symmetry is not present in all penalty-regularized mortar formulations. For instance, in [33] it was regarded to be of secondary importance compared to computational ease of implementation.
Numerical investigations
In this section, major aspects of the three types of mixed formulation for frictionless mortar-based contact are investigated within a quasistatic setting. The local solution quality is investigated by monitoring the pressure distribution, in Section 4.1 for the classical Hertzian contact with two deformable bodies and in Section 4.2 for a Hertzian-type contact with a rigid surface in the finite deformation regime. In Section 4.3, the classical patch test with a flat frictionless contact interface is conducted. The global solution quality and robustness of the three variants of the mixed formulation are assessed in Section 4.4 through an indentation problem by monitoring the contact forces and in Section 4.5 through the large sliding contact of two thick-walled shells.
For the volumetric formulation, a classical Neo-Hookean type material model will be employed based on the strain energy function (J ¼ ½detF and
Here, the bulk and shear moduli fK 1 ; K 2 g correspond to the choices of a Young's modulus E = 10 and a Poisson's ratio m = 0.3. Only for the Hertzian contact problem, E = 1 is employed. In all examples, the volume is discretized with either linear Lagrange or quadratic NURBS elements, the latter based on the recent developments in [40, 26, 5] . The volume integrals are evaluated with two or four integrations points, respectively, per parametric direction of an element. Throughout the developments, the terminology node was employed in the context of discretization, although control point would be more appropriate for NURBS which are also non-interpolatory in general. The classical choice has been retained for simplicity. The contact discretization is directly inherited from the volume parametrization as its specialization to the surface. Within the contact formulation, 2 N will denote the base value of the penalty parameter. Before being transferred to the contact computations, this base value is multiplied by the largest diagonal entry of the bulk stiffness matrix associated with the deformable bodies at the first Newton-Raphson iteration of the first Uzawa augmentation, but subsequently kept constant throughout the load step. In order to assess the convergence of the Uzawa iterations based on the criterion (2.32), the error measure 2 body is chosen as the slave and the lower (yellow) one as the master. In the classical Hertz contact example, the roles of master and slave will additionally be switched. For all comparisons, the abbreviations CON (constrained), LMP (lumped) and UNC (unconstrained) are used to refer to the recovery method for the mixed variables. All figures displaying mesh deformation were computed with constrained recovery. Finally, load step adaptivity was used in all computations to automatically circumvent convergence problems with large load steps although adaptation was not necessary in most examples.
Classical Hertzian contact
The classical Hertzian contact problem is considered within a plane-strain setting with two deformable bodies. The problem setup is summarized in Fig. 1 . Here, the upper body is displaced downwards in ten load steps by prescribing the nodal positions on the upper and side surfaces while the lower body is held fixed via the same set of nodes. 2 N ¼ 10 and TOL = 0.001 are chosen together with non-matching discretizations. More specifically, 48 linear Lagrange elements are used in the radial direction for both bodies. Along the angular direction, three levels of NURBS discretizations are used for the upper/lower body with the number of elements equal to (i) 48/ 24 for the coarse, (ii) 72/48 for the intermediate, and (iii) 96/72 the fine resolution. The elements are concentrated to the vicinity of the contact surface for numerical efficiency. To ensure an accurate eval- Table 1 Algorithm for normal contact treatment with Uzawa augmentation and constrained recovery. 
Check convergence. Estimate the error in augmentation iteration k þ 1 and reiterate unless £ ðkþ1Þ < Tol uation of the contact integrals, 30 integration points are employed. Since N I P 0 is ensured for NURBS, w I > 0 and hence p N P 0 is guaranteed for the lumped recovery approach.
Comparisons of the three recovery approaches are summarized in Fig. 2 . Due to the underlying formulation, the support of the pressure distribution remains localized for unconstrained and lumped recovery, both delivering similar results which overlap in some instances. For the unconstrained approach, a non-zero pressure is observed well beyond the analytical contact zone, accompanied by decaying oscillations. Such oscillations are observed in early mortar-based methods as well [13] and are strongly influenced by elements that span the edge of the contact zone from the analytical contact region into the non-contact one [21, 9] . Although the rate of convergence is not monitored in this work, for all recovery approaches the oscillations diminish in magnitude with increasing mesh resolution, indicating local convergence. Still, however, the stability of unconstrained recovery may be called into question due to the checkerboard mode type pressure distribution that it delivers (cf. [38] ), which is also observed in Section 4.2. As in the classical NTS approach, the implication would be that the oscillations may not necessarily diminish further with further increases in the mesh resolution [6, 38] . However, these oscillations occur predominantly in low pressure regions where contact is not expected theoretically (see also Section 4.2) and the method delivers an improvement to the global solution quality as will be observed in Section 4.5 in addition to passing the patch test (Section 4.3) as well as not displaying locking (Section 4.2). Consequently, it is retained as a convenient alternative without pursuing an explicit stability analysis.
Since the present mortar-based approach discretizes the mixed variables on the slave surface only, the designation of the master and slave influences the results which introduces a geometric bias as in the classical one-pass node-to-segment approaches [29] . While such a geometric bias may be undesirable in particular for cases where the master/slave designation may not be automatically assigned a priori [8, 38] , it is only prominent at coarse discretizations and diminishes with mesh resolution as shown in Fig. 2 . Therefore, this effect will not be additionally monitored in the remaining examples of this work. Finally, Fig. 3 displays the identical convergence behavior of the three methods based on the L 2 -norm of the error in the normalized pressure distribution. Here, mesh refinement is driven by a parameter n such that the bodies are discretized with 2n NURBS elements in the radial direction while the slave/master is discretized with 16n/4n NURBS elements in the angular direction. For the computation of the analytical pressure distribution, the load corresponding to the imposed displacement is determined using n = 32.
Finite Hertzian-Type contact
The finite deformation Hertzian-type contact problem is considered with a rigid surface. The problem setup is summarized in Fig. 4 with representative dimensions where the deformable body is displaced downwards by prescribing the nodal positions on the upper (square) surface. 2 N ¼ 1000 and TOL = 0.001 are chosen. For the evaluation of the contact integrals, six integration points are employed.
The pressure distributions corresponding to different recovery methods are presented in Fig. 5 for three different discretizations with the number of Lagrange elements along the horizontal/vertical direction equal to (i) 12/6 for the coarse, (ii) 18/9 for the intermediate, and (iii) 24/12 the fine resolution. Here, although not precluded by the theory, negative pressure zones for constrained and unconstrained recovery are highlighted. Since N I P 0 is ensured for linear Lagrange elements, w I > 0 and hence p N P 0 is again guaranteed for the lumped recovery approach. The pressure distributions are already identical at the intermediate resolution.
Moreover, at this resolution, the pressure magnitude for unconstrained recovery away from the contact zone predicted by lumped recovery is negligible in magnitude. Constrained recovery can then be interpreted as a consistent method of imposing a cut-off criterion whereby these negligible pressures are omitted. However, this consistency is meaningful at sufficiently high resolutions. Clearly, such a cut-off is not meaningful for the coarse resolution result. It is remarked that the high quality of the solutions with Uzawa augmentations also confirms that the present class of algorithms does not display surface locking [38, 40] . Within the present framework, the finite element discretization of the pressure, in a manner that is consistent with the volume discretization, ensures that the patch test will be satisfied. However, this additionally requires an exact evaluation of the contact integrals -only possible for flat interfaces -which is typically realized through the segmentation of the contact interface. Presently, segmentation is not pursued. Consequently, the integrals are evaluated approximately using 20 integration points per interface direction -see [7] for studies of quadrature on the slave surface. The geometry for the patch test is shown in Fig. 6 , where the only interface constraints are the Hertz-Signorini-Moreau conditions. Here, 2 N ¼ 100 and TOL = 0.001 For other patch test setups, see [29, 4, 6] . While the meshes are non-matching at this minimal Lagrange discretization, the bodies are expected to deform as one. Qualitatively, this is satisfied. Quantitatively, the interface pressure is not exactly a constant due to the approximate evaluation of the contact integrals. However, the oscillations are negligible in magnitude and the stress distribution throughout the bodies remains approximately constant as well. Here, unconstrained recovery has been employed, which is presently equivalent to constrained recovery since the complete interface is in contact. The results are identical for lumped recovery. Fig. 7 summarizes the indentation of an elastic block (E = 1) by a stiffer body (E = 100) such that at the end of the loading the upper body is completely embedded in the lower one. In this case, the high stiffness ratio renders the computations challenging. Here, 2 N ¼ 100 and TOL = 0.01 are employed with two NURBS discretizations. For the coarse resolution, the upper body is discretized with 4/2 elements per horizontal/vertical direction while the combination for the lower one is 5/3. For the fine resolution, an identical resolution combination of 8/4 is employed. As global indicators of the contact interactions, the measured normal forces applied on the upper body for the three types of recovery approaches are shown in Fig. 8 . Clearly, while the local pressure distributions are generally different for the three methods, they deliver quantitatively very similar results even at coarse resolutions under such large deformations. However, in the next section, it is demonstrated that this observation does not hold in general. Instances from the simulation are shown in Fig. 10 . The twodimensional version of this problem with two circular arches displays a snap-through instability among the two arches (versus within one arch) even at mild interactions and therefore requires either a dynamic simulation [31] or an improved Newton-Raphson scheme for a quasistatic solution [48] . Its present three- dimensional counterpart, however, does not physically display a snap-through for the given setup. The contact interactions are monitored at the global level through the tangential force applied to the upper body as summarized in Fig. 11 for the three types of recovery approaches. At the fine resolution, the response curves from all methods overlap. For all resolutions, lumped recovery delivers a smooth and symmetric force distribution as is expected from this problem. This expectation highlights a problem with constrained recovery. Symmetry is lost and jumps in the measured forces are clearly observed even at the intermediate resolution. The source of this inconsistency is the earlier mentioned non-smooth relationship between the mixed and projected kinematic variables. This highlights the advantage of using unconstrained recovery, for which the force distributions are smooth and symmetric although the local pressure distributions are more oscillatory compared to the other recovery approaches at these levels of discretization. It is remarked that the single jump for the coarse resolution of unconstrained recovery, where only a few nodes are active, is due to a non-physical mild snap-through within the upper shell. This phenomenon already disappears at the intermediate resolution.
Indentation of an elastic block

Thick-walled shells in sliding contact
Conclusion
In this work, the relationship between a classical three-field mixed variational formulation of frictionless contact mechanics and recent mortar-based treatments was investigated. Within a mixed variational framework, the mortar projection operators appear naturally. Three different recovery approaches were investigated to obtain the mixed kinematic and kinetic quantities from their projected counterparts: (i) constrained, (ii) lumped and (iii) unconstrained. The close relationship between these approaches and earlier mortar implementations from the mathematical and engineering literatures was additionally highlighted, hence providing a convenient framework for the derivation of a mortarbased approach. In particular, while the lumped approach appears to be computationally the most appealing, its formulation is based on the unconstrained approach that delivers the constrained one as a special case as well. For a robust numerical performance, augmentation in the context of Uzawa iterations was discussed and the linearization of the overall algorithm was presented. Two-and three-dimensional numerical investigations in the infinitesimal and finite deformation regimes assessed the performance of these mortar-based contact treatment approaches with respect to local pressure distributions as well as via global force monitoring.
The present study lays the foundations for an identical derivation of a class of mortar-based frictional contact algorithms. The ability to incorporate frictional contact will additionally allow, by restricting slip, a convenient handling of mesh tying constraints that are needed in domain decomposition techniques. Consequently, it will be possible to assess the performance of the proposed class of contact algorithms through patch tests with curved interfaces. Such studies are currently being pursued by the author.
